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THE BITANGENTIAL OP THE QUINTIC. 



By Mb. Wm. E. Heal, Marion, Indiana. 

In a paper published in the Annals for October, 1889, I gave a formula 
for the bitangential of the quintic, but in an unreduced form. I wish, first, to 
correct some errors in the numerical coefficients of the equation there given. 
In the determinant at the bottom of page 40 the factor 5 should be omitted, and 
in the expression for J' (m, II, <p), page 41, the factor 18 was omitted by mistake. 
Making these changes, the equation of the bitangential becomes 
[297 II J (u, H, f ) +456 IIJ'(u, II, <p) -20J(u, II, 0)] 2 -~3O25(40— 911? ) s =0. (1) 

It was stated at the end of the first paper, above referred to, that " The 
equation we have found for the bitangential contains an irrelevant factor of 
the eighteenth order in the variables and of the sixth in the coefficients of the 
given curve. This factor appears to be the square of the Hessian, and divid- 
ing out, the resulting equation is of the forty-eighth order in the variables, and 
of the eighteenth in the coefficients of the original equation." 

It is the purpose of the present paper to show how to transform equation 
(1) so as to become divisible by II' 2 . 

If we border the matrix of the Hessian both horizontally and vertically 
with three rows and columns, the resulting determinant is the product, with 
sign changed, of the two determinants added horizontally and vertically. 

Thus, if F, F' be functions of the degrees v, ri, we have 
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where the subscripts denote differentiation with respect to x, y, z respectively. 
This last determinant may be reduced by subtracting from the fourth col- 
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umn the sum of the first three, multiplied respectively by x, y, z ; and likewise 
with the rows. We thus find 
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where, after Clebsch, we write 
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and the accents denote that in performing the differentiations the second dif- 
ferential coefficients of 11, which enter into the expression for f, are treated 
as constants. Expanding equation (1) and substituting from equations (4), 
(5), (6), (7), (8), (9), the equation becomes 
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Every term is now divisible by 7/ 2 except the two 

316800 770% - 158400/70 f ^.1 = 158400/70 |~20 f — f j^) ~| 

To reduce this we make use of the following formula : 
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where 
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and / is a function of x, y, z, which for the purpose of the present paper it is 
not necessary to determine. 

I am not in possession of an a priori proof of equation (11) ; but, as will 
be seen hereafter, the result to which it leads in the present problem can be 
verified independently. Substituting equation (11) in equation (10) and divid- 
ing by 27 77 2 , we have, finally, for the equation of the bitangential, 
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= 0. (12) 
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Equation (12) can be verified in the same manner as equation (1) was veri- 
fied in my first paper, and I have thought it worth while to do this for 
the reason that equation (11) has not been proved. Besides, this verification 
furnishes a check on the reductions effected in the present paper. It will be 
sufficient to write c\ = a 2 = 0. 

We have then, representing always the sum of the terms of the first and 
higher order in the function 7^'by T F , 

6 = 9b 6 d 2 + 54AW, + T„ 
f =--66% + 24&W, + 7;, 
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1°,]= 3888*' V«a — 3888i lo cV + 71286 l W d 1 e 1 — 136086 Vd^, 

+ 100446'Vd, 2 ^ — 35646 l Vd 2 e 2 + 285126 1 W 2 d 1 2 

— 285126 u W 3 d 2 + 48606V^ — 126366W 3 e 
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— 18726 8 cV 2 + 37446W,/, + 252726 8 «i 1 2 <? — 2527 2b s cd d 2 e l) 
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The calculation of the absolute term in equation (12) now presents no dif- 
ficulty, but is extremely tedious. 
I found its value to be 

3528366" (27c 2 // + 40<4 3 / + 50c« 3 — 25d \ 2 — 90cd^,/ ) , 

which, as was shown in the former paper, vanishes if the origin is a point of 
contact of a bitangent. The correctness of equation (12) is thus established. 



